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Abstract
The well-known Pontryagin Duality Theorem states that a locally compact, commutative
topological group is isomorphic to its second character group, i.e., the character group of its character
group. Here the character group carries the compact-open topology. There are various papers dealing
with generalizations of the theorem to not necessarily locally compact commutative groups. In
1971 we suggested to replace the compact-open topology in the general case by the continuous
convergence structure. This structure coincides with the compact-open topology if the group is
locally compact and gives at least better categorical properties in the so-called c-duality theory. We
just mention the fact that the natural mapping from a convergence group (always assumed to be
commutative) into its second c-character group is always continuous. In recent years this approach
has attracted again attention.
In this paper we study the behaviour of the c-duality under the usual topological constructions. We
show that the c-character group of a product of convergence groups is isomorphic the the coproduct
(in the category of convergence groups) of the c-character groups and that the c-character group of
a coproduct is isomorphic the the product of the c-character groups. So products and coproducts of
c-reflexive convergence groups are c-reflexive again. Also the character group of a quotient group
is isomorphic to its annihilator group. As it is well known, subgroups are very difficult to handle,
since its characters can not always be extended to the whole group. We give sufficient conditions
to guarantee that the c-character group of a subgroup is isomorphic to a quotient of the c-character
group of the whole group and also that a subgroup of a c-reflexive group is c-reflexive. In the last
section we handle topological groups. We show that the c-character group of a topological group is
locally compact and so the second c-character group is also topological. We show that the natural
mapping from the group into its second character group is an embedding if and only if the group is
locally quasi-convex, a notion introduced by Banaszczyk in 1991. Ó 2001 Elsevier Science B.V. All
rights reserved.
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1. Preliminaries
Given a convergence group G—all groups are assumed to be commutative—we denote
by Γ (G) the character group ofG, i.e., the group of all continuous group homomorphisms
from G into T :=R/Z. Also we denote by
ρ :R→R/Z
the natural projection and set
D := ρ([−1/4,1/4]).
If A⊆G we set
A◦ := {χ ∈ Γ (G): χ(A)⊆D}
and if H ⊆ Γ (G) we set
H := {x ∈G: χ(x) ∈D for all χ ∈H}.
If A and H are subgroups, then A◦ and H are subgroups again, namely the set of all
characters which vanish on A and the set of all elements which are annihilated by each
character in H , respectively. If we endow Γ (G) with the continuous convergence structure
and the compact-open topology, we denote the resulting convergence groups by Γc(G) and
Γco(G), respectively. Then Γc(G) carries the coarsest convergence structure such that the
evaluation mapping
ω :Γc(G)×G → T
(χ, x) 7→ χ(x)
is continuous. It is easy to see that a filter Φ converges in Γc(G) to 0 if for each convergent
filter F on G there is a set F ∈ F such that F◦ ∈Φ . Also the set {K◦: K ⊆G compact}
is a zero neighbourhood basis of Γco(G). Furthermore, the identity mapping
id :Γc(G)→ Γco(G)
is continuous and an isomorphism if G is a locally compact convergence group. If
T :G→H is a continuous group homomorphism, then
T ∗ :Γc(H)→ Γc(G)
defined by T ∗(ψ)=ψ ◦ T is also a continuous group homomorphism.
Finally, each x ∈G defines a continuous character xˆ on Γco(G) and therefore on Γc(G)
by setting xˆ(χ)= χ(x) for all χ ∈ Γ (G). The map
κG :G→ Γc
(
Γc(G)
)
which maps each x ∈ G to xˆ is a continuous group homomorphism and we call G c-
reflexive if and only if κG is a (topological) isomorphism.
The character group of a convergence vector space can be calculated in terms of the
convergence vector space dual and this gives a rich source of (counter) examples (see [8]):
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Proposition 1.1. Let E be a Hausdorff convergence vector space. Then the mapping
ρ∗ :Lc(E)→ Γc(E) which maps each ϕ ∈L(E) to ρ ◦ ϕ is an isomorphism.
Here Lc(E) denotes the convergence vector space of all continuous, linear, real-
valued functions on E endowed with the continuous convergence structure. As a direct
consequence of this fact one gets:
Corollary 1.2. A Hausdorff convergence vector space is c-reflexive (as a convergence
group) if and only it is c-reflexive as a convergence vector space.
Now it is well known (cf. [7]) that a topological vector space is c-reflexive as a
convergence vector space if and only if it is a complete, Hausdorff, locally convex
topological vector space and so one gets:
Theorem 1.3. The topological group underlying a topological vector space is c-reflexive
if and only if the space is Hausdorff, complete and locally convex.
2. Products and coproducts of convergence groups
In this section we calculate the character groups of products and coproducts and show
that products and coproducts of c-reflexive convergence groups are c-reflexive. We start
with some notations: Given a family of convergence groups (Gi)i∈I we denote by
∏
i∈I Gi
their product, endowed with the product convergence structure, and by
⊕
i∈I Gi their
coproduct, i.e., the set of all η ∈∏i∈I Gi such that {i ∈ I : η(i) 6= 0} is finite. If one denotes
for all finite subsets J ⊆ I by εJ :∏i∈J Gi→⊕i∈I Gi the natural injection, then⊕i∈I Gi
is endowed with the final convergence structure with respect to (εJ ), where J runs over all
finite subsets of I . It is clear that the inclusion map
e :
⊕
i∈I
Gi→
∏
i∈I
Gi
is a continuous map onto a dense subgroup. Finally we denote by pij :
∏
i∈I Gi→Gj the
projection and by εj :Gj →⊕i∈I Gi and ej :Gj →∏i∈I Gi the natural injections. We
start the discussion with an elementary but useful lemma:
Lemma 2.1. Let (Gi)i∈I be a family of convergence groups. Then the evaluation mappings
ω1 :
∏
i∈I
Γc(Gi)×
⊕
i∈I
Gi → T(
(ϕi), (xi)
) 7→∑ϕi(xi)
and
ω2 :
⊕
i∈I
Γc(Gi)×
∏
i∈I
Gi → T(
(ϕi), (xi)
) 7→∑ϕi(xi)
are both continuous.
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Proof. If I is finite, both mappings coincide and are equal to the mapping(
(ϕi), (xi)
) 7→∑ωi(ϕi, xi),
where ωi :Γc(Gi) × Gi → T denotes the evaluation mapping, and this is evidently
continuous. Since both proofs are very similar, we only show the first one. So assume
that Φ and F are filters which converge in ∏Γc(Gi) to ϕ and in ⊕Gi to x , respectively.
Then there are a finite set J ⊆ I , a filter FJ on ∏i∈J Gi and an element xJ ∈∏j∈J Gi
such that εJ (xJ )= x and εJ (FJ )⊆F . We claim that
ωJ
(
pJ (Φ)×FJ
)⊆ ω1(Φ × εJ (FJ )),
where
ωJ :
∏
j∈J
Γc(Gj )×
∏
j∈J
Gj → T
is the evaluation mapping and
pJ :
∏
Γc(Gj )→
∏
j∈J
Γc(Gj )
is the projection. To this end it is enough to show for all P ∈Φ and all F ∈FJ :
ωJ
(
pJ (P )× εJ (F )
)⊇ ω1(P × εJ (F )),
which is pure routine. 2
Proposition 2.2. Let (Gi) be a family of convergence groups. Then the mapping
Λ :Γc
(⊕
i∈I
Gi
)
→
∏
i∈I
Γc(Gi)
which maps each ϕ ∈ Γc(⊕i∈I Gi) to (ϕ ◦ εi) is an isomorphism.
Proof. Since Λ(ϕ) = (ε∗i (ϕ)), the map Λ is continuous. Evidently Λ is injective. If
ϕ ∈∏Γc(Gi) then Λ(ω1(ϕ, ·)) = ϕ and so Λ is surjective. The continuity of Λ−1 now
follows from the commutativity of the diagram:∏
Γc(Gi)×⊕Gi
ω1
Λ−1×id
Γc(
⊕
Gi)×⊕Gi
ω
T
2
The dual statement of Proposition 2.2 is also true, although the proof is not that straight-
forward:
Proposition 2.3. Let (Gi) be a family of convergence groups. Then the mapping
∆ :
⊕
i∈I
Γc(Gi)→ Γc
(∏
i∈I
Gi
)
which maps each (ϕi) ∈⊕Γc(Gi) to ∑ϕi ◦ pii is an isomorphism.
H.-P. Butzmann / Topology and its Applications 111 (2001) 95–104 99
Proof. It is clear that∆ is a well-defined injective group homomorphism and its continuity
follows from the continuity of ω2.
Now suppose that Ψ is a filter which converges to some ψ0 ∈ Γc(∏Gi). Denote by F0
the filter generated by{∏
Fi : Fi = 0 or Fi =Gi,Fi = 0 for only finitely many i
}
,
then F0 converges to 0 in
∏
Gi and therefore ω(Ψ ×F0) converges to 0 and so there are
a set Q ∈Ψ and a finite set J ⊆ I such that
ω
(
Q×
∏
Fi
)
⊆D
and Fi =Gi for all i /∈ J . If now
F =
{
ξ ∈
∏
Gi : ξ(i)= 0 for all i ∈ J
}
then ψ(F) is a subgroup of T such that ψ(F) ⊆D for all ψ ∈Q. Since D contains only
the trivial subgroup, we get ψ(F)= {0} for all ψ ∈Q and therefore
ψ ◦ ei = 0 for all i /∈ J and all ψ ∈Q.
This gives
ψ =
∑
i∈I
ψ ◦ ei ◦ pii for all ψ ∈Q
since
⊕
Gi is dense in
∏
Gi .
Now in order to show that ∆ is surjective, take any ψ0 ∈ Γc(∏Gi) and set Ψ = ψ˙0.
Then by the above we have (ψ0 ◦ ei) ∈⊕Γc(Gi) and
ψ0 =
∑
i∈I
ψ0 ◦ ei ◦ pii,
i.e., ψ0 =∆((ψ0 ◦ ei)).
In order to show that ∆ is a homeomorphism, take any filter Φ on
⊕
Γc(Gi) such that
∆(Φ) converges to 0. Then by the above there are a set P ∈Φ and a finite set J ⊆ I such
that ∆(ϕ) ◦ ei = 0 for all ϕ ∈ P and all j /∈ J . But
∆
(
(ϕk)
) ◦ ei =∑
k
ϕk ◦ pik ◦ ei = ϕi
and so ϕi = 0 if i /∈ J . Therefore Φ has a basis in the image of εJ and so there is a filter
ΦJ on
∏
i∈J Γc(Gi) such that εJ (ΦJ ) = Φ . If now eJ :
∏
i∈J Gi →
∏
Gi is the natural
embedding and
ΛJ :Γc
(∏
i∈J
Gi
)
= Γc
(⊕
i∈J
Gi
)
→
∏
i∈J
Γc(Gi)
the isomorphism defined in Proposition 2.2, an easy calculation shows that
ΛJ ◦ e∗J ◦∆ ◦ εJ = id
and so ΦJ converges to 0, which implies that Φ converges to 0. 2
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As a direct consequence of Propositions 2.2 and 2.3 we get
Theorem 2.4. If (Gi) is a family of c-reflexive convergence groups, then
∏
i∈I Gi and⊕
i∈I Gi are c-reflexive.
Proof. Both proofs are analogous, we show the first one. The following diagram is
commutative:∏
Gi
κ
E ∏Γc(Γc(Gi))
Λ−1
Γc(Γc(
∏
Gi))
∆∗
Γc(
⊕
(Γc(Gi)))
Here E is defined by E(ξ) = (κGi (ξ(i)))i∈I which is an isomorphism since all groups
are c-reflexive and ∆ is the map which one gets if one applies Proposition 2.2 to
(Γc(Gi)). 2
3. Subgroups and quotient groups
Proposition 3.1. Let G be a convergence group, S ⊆G be a subgroup and pi :G→G/S
be the projection. Then the adjoint mapping
pi∗ :Γc(G/S)→ Γc(G)
is an embedding onto S◦.
Proof. Clearly pi∗ is injective and continuous, also its image is S◦. So we have to show
that pi∗ is a homeomorphism onto S◦. To this end take a filter Ψ on Γc(G/S) such that
pi∗(Ψ ) converges to 0. If now G is a filter which converges to an element y ∈ G/S then
there is a filter F which converges to an element x ∈G such that pi(x)= y and pi(F)⊆ G.
An easy calculation now shows that
ω1(Ψ × G)⊇ ω1
(
Ψ × pi(F))= ω2(pi∗(Ψ )×F)→ 0
and so Ψ converges to 0 in Γc(G/H). 2
The calculation of the character group of a subgroup of a convergence group or
a topological group is usually very hard. Part of the problem is that it is in general
not possible, to extend characters of a subgroup to the group. We show this with two
particularly striking examples:
Examples 3.2.
(i) Let E be a separated topological vector space such that L(E) = 0 and M be a
non-trivial finite-dimensional subspace. ThenM carries the natural topology and so
Γ (M) 6= 0 whereas, according to Proposition 1.1 we have Γ (E)= 0.
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(ii) (cf. [1]) Denote by l2 the space of a square-summable real sequences. If ek denotes
the kth unit vector, then the groupH generated by {ek: k ∈N} is a discrete subgroup
of l2. Define χ ∈ Γ (H) by χ(ek)= 1/2 for all k ∈ N. Then χ cannot be extended
to l2: Assume to the contrary that this is possible, then by Proposition 1.1 there is a
ϕ ∈L(E) such that ρ ◦ ϕ|H = χ . But then ϕ({ek: k ∈N})⊆ 1/2+Z, contradicting
the fact that (ek) is a weak zero sequence in l2.
Now a subgroup S of a convergence group G is called dually embedded if each
character on S can be extended to a character of G which means that the restriction
mapping e∗ :Γc(G)→ Γc(S) is surjective, and we call S strongly dually embedded if
e∗ :Γc(G)→ Γc(S) is a quotient mapping. Of course closed subgroups of locally compact
topological groups are strongly embedded and from [2, Theorem 2.7] we get that each
vector subspace of a locally convex topological vector space is strongly dually embedded.
More strongly dually embedded convergence groups are given by
Examples 3.3. Let G be a convergence group. Then the following hold:
(i) Each open subgroup of G is strongly dually embedded.
(ii) If Γ (G) separates the points of G, then each compact topological subgroup of G is
strongly dually embedded.
Proof. The proof of (i) follows essentially the same lines as the corresponding one for
topological groups in [5, Proposition 1.5], and we will not repeat it here.
(ii) Since Γc(K) is discrete and e∗ :Γc(G)→ Γc(K) is continuous it if sufficient to show
that e∗ is surjective. Since Γ (G) separates the points of G there are a Hausdorff, compact
topological group H and an injective, continuous group homomorphism T :G→ H .
But then T |K is an embedding and so to each character χ ∈ Γ (K) there is a character
χ0 ∈ Γ (T (K)) such that χ = χ0 ◦T |K . Choose a character χ˜ ∈ Γ (H) such that χ˜ extends
χ0 then χ˜ ◦ T extends χ . 2
We will show later that each subgroup of a nuclear group is strongly dually embedded.
If S is a strongly dually embedded subgroup of a convergence groupG, then e∗ :Γc(G)→
Γc(S) is by definition a quotient map and so Γc(S) is isomorphic to Γc(G)/S◦. But since
Γc(Γc(G)/S
◦) is by Proposition 3.1 isomorphic to S◦◦ we get:
Proposition 3.4. Let S be a strongly dually embedded subgroup of a convergence group
G. Then Γc(S) is isomorphic to a quotient of Γc(G) and Γc(Γc(S)) is isomorphic to S◦◦.
Although is it often very hard to calculate the character group of a subgroup in terms
of the character group of the whole group, a slightly milder condition guarantees that a
subgroup of a c-reflexive group is c-reflexive again. A subgroup S of a convergence group
G is called dually closed if S◦ = S, i.e., if for each x /∈ S there is a character χ ∈ Γ (G)
such that χ(S) = 0 while χ(x) 6= 0. Again, open subgroups of convergence groups are
dually closed and compact subgroups also if the group admits enough characters.
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Proposition 3.5. Let G be a c-reflexive convergence group and S ⊆ G be a dually
embedded, dually closed subgroup. Then S is c-reflexive.
Proof. Consider the following commutative diagram:
S
κS
e
G
κG
Γc(Γc(S))
e∗∗
Γc(Γc(G))
Since e and κG are embeddings, also κS is an embedding. In order to show that κS
is surjective, take any χ ∈ Γc(Γc(S)) then there is an x ∈ G such that κG(x) = e∗∗(χ).
Assume that x /∈ S, then there is a character ϕ ∈ S◦ such that ϕ(x) 6= 0. But then
κG(x)(ϕ)= ϕ(x) 6= 0 while
e∗∗(χ)(ϕ)= χ(e∗(ϕ))= χ(ϕ ◦ e)= χ(0)= 0
and so x ∈ S. It follows that
e∗∗
(
κS(x)
)= κG(e(x))= e∗∗(χ).
Since S is dually embedded, e∗ is surjective and so e∗∗ is injective which gives κS(x) =
χ . 2
4. Topological groups
A key result of our discussion is the characterization of the relatively c-compact subsets
of the character group of a topological group:
Proposition 4.1. Let G be topological group. For a set H ⊆ Γc(G) the following are
equivalent:
(i) H is relatively compact (i.e., a(H) is compact).
(ii) H is equicontinuous.
(iii) There is a zero-neighbourhood U in G such that H ⊆U◦.
Proof. The equivalence of (ii) and (iii) is well known. By [13, 4.41] a set H ⊆ Cc(G,T )
is relatively compact if and only it is equicontinuous and H(x) := {h(x): h ∈ H } is
relatively compact for all x ∈X. Since T is compact, the second condition is automatically
fulfilled. 2
Theorem 4.2. Let G be topological group. Then Γc(G) is a locally compact convergence
group, Γc(Γc(G)) is a topological group and {U◦◦: U ∈ UG(0)} a zero neighbourhood
basis of Γc(Γc(G)).
Proof. If Φ is a filter which converges to 0 in Γc(G) then U◦ ∈ Φ for a zero-
neighbourhoodU and so Φ contains a compact set.
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Since Γc(G) is locally compact, Γc(Γc(G)) is topological and carries the topology of
uniform convergence over compact sets. Therefore {H◦: H ⊆ Γc(G) compact} is a zero
neighbourhood base of Γc(Γc(G)). The result now follows from Proposition 4.1. 2
Following [1] we call a set A⊆G quasi-convex if A= A◦ andG locally quasi-convex
if G admits zero neighbourhood basis of quasi-convex sets. Clearly A is quasi-convex
if and only if for each x ∈ G \ A there is a character χ ∈ Γ (G) such that χ(A) ⊆ D
and χ(x) /∈ D. Therefore both A◦ and H are quasi-convex subsets of Γc(G) and G,
respectively, if A⊆G and H ⊆ Γc(G). From Theorem 4.2 we now get the following:
Proposition 4.3. If G is Hausdorff topological group then κG is an embedding if and only
if G is locally quasi-convex.
Proof. Assume that G is locally quasi-convex. Then κG is injective. If now U is a quasi-
convex zero neighbourhood in G, then U◦◦ a zero neighbourhood in Γc(Γc(G)). Since
κ−1G (U
◦◦)=U◦ =U,
we get
κG(U)= κG
(
κ−1G (U
◦◦))=U◦◦ ∩ κG(G)
and so κG is an embedding.
On the other hand, assume that κG is an embedding and that U is a zero neighbourhood
inG. Then κG(U) is a zero neighbourhood in κG(G) and so there is a zero neighbourhood
W in Γc(Γc(G)) such that κG(U) = W ∩ κG(G). According to Theorem 4.2 there is a
zero-neighbourhood V in G such that W ⊇ V ◦◦ and so
κG(U)⊇ V ◦◦ ∩ κG(G).
This gives
U = κ−1G
(
κG(U)
)⊇ κ−1G (V ◦◦)= V ◦ ⊇ V
and so V ◦ is a quasi-convex zero-neighbourhood of G contained in U . 2
Proposition 4.4. A subgroup S of a topological group G is strongly dually embedded if
and only if all equicontinuous subsets of Γ (S) can be lifted to equicontinuous subsets of
Γ (G), i.e., if for all equicontinuous subsets H of Γ (S) there is an equicontinuous subset
H ′ of Γ (G) such that e∗(H ′)⊇H .
Proof. Assume thatH is strongly dually embedded and thatH ⊆ Γ (S) is equicontinuous.
ThenH is relatively compact by Proposition 4.1 and so there is a compact set H ′ ⊆ Γc(G)
such that e∗(H ′) ⊇ H . Again, by Proposition 4.1 the set H ′ is equicontinuous. Assume
now that all equicontinuous sets can be lifted. Consider the diagram:
Γc(G)
pi
e∗
Γc(S)
Γc(G)/S
◦
e˜
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Choose a filter Φ which converges to 0 in Γc(S). Then Φ contains a compact set
H ⊆ Γc(S). By Proposition 4.1 H is equicontinuous and by assumption there is an
equicontinuous and therefore relatively compact set H ′ ⊆ Γc(G) such that ε∗(H ′) ⊇
H . Set H ′′ := pi(a(H ′)), then H ′′ is compact and e˜(H ′′) ⊇ H . Now Γc(G)/H◦ is a
Choquet space by [2, Theorem 2.5] and so the domain-codomain restriction of e˜ is a
homeomorphism from H ′′ to the image. Consequently e˜−1(Φ) converges to 0. 2
Corollary 4.5. Each subgroup of a nuclear group is strongly dually embedded.
Proof. This follows from Theorem 8.2 in [1]. 2
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